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Readily Implemented

Enhanced Sinusoid Detection in Noise

Keith V. Lindsay

ABSTRACT- Significant efforts have been devote4 spanningmany yearn to the problem of siuxoid

detection in noise. Many of theseeffom have produced superb, yet complex, algorithms which maybe

difficult to use for a wide segmentof the Digital Signal Processing(DSF) community. This paper

presentsa simple, easily implemented and highly effective method which solvesthis problem. This

metkd severely degradesnon-sinusoidalnoise while leaving the embedded sinusoid(s) relatively

undisturbed,The algorithm, simply pu~ exploits the difference betwexmthe net effect of integration and

differentiation of sinusoidsversusthe effect of these operationson random noise and other signal

sequences.The cross-co,mlationof a sine wave with its differentiated (and/or integrated) self is quite

high. Conversely, the cross-comelationof a noise sequencewith its differentiated (and/or integtwed) self

is much lower. Therefore, it is reasonableto assume (hat for sequencesconsistingof a sinusoid in noise,

significant signal-to-noise-ratios(SNIU) in tie correlation resultsare achievable using a combination of

differentiation (and/or imcgratkm) and cross-correlation operaimnson suchsequences.This technique

hasbeen applied to actual Doppler radar dam as well as to synthesizedda@ with excellent improvement

in signal detection capability,
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1. lNIRODLU’WN

The problcm of sinusoiddelcction in noise has wide application to syslcmssuch as radar, sonar,

gcophysic~ and communications. Many lechniqucs, dcvclopcd over rcccnl dccadcs, have improved the

ability to solve the problem, The simplest and perhaps,most commonly used technique, is to Fourier

Tmnslonn a cmdidate time sequenceand examine tic resulting spectraagainst a prescribed thrc.shokl

criteria. Some of the primary mcthod,sof enhancing this approachare the U.SCof triiditiomd avcrugc

periodogram analysis [ 1], aswell as mom advanced autoregressive (AR), moving average (MA), auto

regressive moving uvcmgc (ARM A), mnximum likelihood. and olbcr mclhods 12113] to dclccl and

wxwntuutc priodicitics, particularly in t.hccuscof closely spacwl sinusoids. Implcmcntution of these

tcclmiqucs, Particularly wilh respect m cxistirlg DSl) hurdwarc structures,can he arduous m hcst. In

Wilion, while sophisticated.robust techniquesmay cncompa.wthe mchd prcscntcd here, this method

is very cffcctivc and easy to implement for the CIUMof problcm for which it was dcsignctl. A bonus to

using the prcschtcdmctiwd is that it may be cxccutcd recursively with tic rccumion dcplh dcpcndcnt on

the cxpwtcd fwrliwmuncc und idlowahlc compulu[ion lime,

.)



II. h3CNUlHM

The fundamental problem this technique challenges is the detection of low-level sinusoid

signal(s) in noise. Large-signal detection is not precluded but the computational expense is unnecessiuy,

since conventional techniquesare adequate in this case. The logic which lead to its development begins

with a considerationof the fundamental discrete rnathematiwd operations which could be applied to a

discrete time seriessuch that sinusoidal functions arc eirher enhancedor left undisturba% while the

competing (non-sinusoidal) noise elements are somehow suppre-. This line of thought may lead to

more sophisticatedmathematical operationsbeing applied in a similar way. However, the basic

operationsof differentiation and integration, with respect to sine and cosine functions are simple and

predictable.

Let

x(r) = sin(m)

then

d(x(t))

dt
= @x Cos(cw)

()=axsin ax+~
2,

Similarly,

j)d%(/ t =-: XCOS(OX)

2,1

2.2

2,3

I () I-I
=—xsin OX-Z

U )’

With the exception of a ~d2 ptwsc shift ond the scak!factor. the sinusoidhirnctcristks tire

undisturbed,Furthermore, since the o cwnpwrcnt in the scale ftwtor (resulting from di~renfid(iwr of a

sinusoid) is not a function of time, it will cunccl its inverse SMC factor (rcsul[ing from hlt’g,”dtimr of a
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sinusoid) in the fiquency domain. Noise containing random phaseshift& as well as signalsexhibiting

time-dependent phasecharacteristics, will be cormpted -- a desired characteristic in this case. The effect

of the presentedenhancement technique on chirped wave forms is not discussedin this paper.

While the characteristicsof purely sinusoidal functions are preserved by differentiation and

integration operations,the -e is not true of noise sequencescontaining non-sinusoidal elements. For

example, if someportion of the time seriesnoise sequenceis characterized by the wbitrary function z(t),

suchtha~ over a short interval, the function is characterized by

z(t) = t2

then

;Z(t) = 2t = z’(t)

and, similarly for integration,

3

J(b’Zt t++c

2.4

2.5

2.6

Taking the caseof the differential, since it becomesplainly obvi~us, further differentiation of

quation 2.5 yieMs

:Z’(t)= 2= z“(t)

and

:Z’’(t)= o= z“’(t)

2.7

2.8

(’Imrly, the cross-corrchuionbdwccn z(f) and z“’(f) would he zero, {M the olhcr hand, the cross.

correlation of x(f) (2,1) with r’(f) (2.2) would be very high, ‘1%1sdistinction SCMthe logic for the

algorithm in that It supprcsiscsnon-sinusoidal noise clmrnctcristicswhile Ictiving the sinusoidal clcmcnts

rclalivcly undislurhcd.11follows that dcgrccsof pcrf(mn;mcc am, thcrcfwc, he Iiulwd to Ihc number of

tinws the scquemx Is diflcrcntlutcd andh imcgr;llcd und collcciivcly crt)ss.c{)rrcl(itc(l,mnking the
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algorithm performance level a function of the amputation time and available maehhe storage.

Implementation of the algorithm on machiaes c-apableof performing the elementary tasksof discrete

differentiation, integration, and convolution (usually via the FIT is straight.fonvardtmaldng this

approach part.icu!arly applicable to cwent DSP board architectures. Figure 2.1 showsthe algorithm in

diagram form.

●

d X(t) J(x t)dtT
o x (t;

w
4 Conwlve

4 ~]
L

Convolvec-

1
I

,4
x t) F@)

HJf} FFT-onty
Spectrel
output

I._E_l
Ccwehted
Spedml
output

Figure 2.1. Mcction Rnhanccment Algorithm Diagram,
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111.IMPLEMENTATION

Implementing this algorithm using a typical signal processingpackage or DSP development

system is very straightforward. provided that the following library functions and operations exist or can

be readily coded:

Difference Equation [y(n) = x(n)- x(n - I)]

[-HCumulative Sum (Integration) y(n) - ~ x(n)

Complex Discrete Fourier Transform ~

Standard complex math operations[+, -, x,/, abs]

Discrete Hilbert Transform (useful, but not required)

Table 3.1, DSP Library Functionsand Operations.

This algorithm was originally intended to be applied to Doppler Iadar data consisting of in-phase

(I) and quadrature(Q) time ~uences. The quadrature sequence[x~n)] i% basically, the in-phase

sequence[.ti(n)] shiftedeither +d2 or -x/2. A synthetic quadraturesequencecan optionally be obtained

from single-sequencetime seriessignals by performing a Hilbcrt Transform of the sequenceand

assigning the result the “quadrature” sequencetag for the sakeof this discussion,The reason for

performing this function becomesclear in a moment. The data maybe optionally windowed to reduce

edge CffCCtS.

‘Ilcn, let

&)=x, (n)+ f’Xxt (n) , n= 1,2, ..,N 3,1

6 03/05/92”



NexG let

x-i(n)= x(n) -x(n- 1), n =2, 3, .,., N

X-’(l)=o

3.2

and let

i= 3.3
X+l(tZ)=~X(n), n= 1,2, ....N

1=0

At this point, we want to obtain the cross-eomelationbetween x(n), x](n), and x+](n). This can

be done in the time domain (at the expenseof computation time) or in the frequency domain (at the

expense of storage requirements). In the time domain:

xc(n) = x(n)* x-’(n) *x+l(n) 3.4

If we chooseto com wrtcX~K) in tbe frequency domain, tbe time domain sequencesare padded

with three times the number of zeros (i.e., if x(n), r’(n), and x+’(n) arc each 1024 pointslong, an

additional 3072 zeros are appended to each sequence).Then, using the ITT, obtin

X(k)=3{ x(n)}

X-’(k) =$(x-’(n)}

X+’(k) =$(x+’(n))

3,5

3.6

3.7

3,8

Xc(k) is obtained next:

‘c(k)=[x(k)xx’*(k)lxx4’*(k)
At this point, the spectraX&k) may be examined for prominent sinu.solds,We would choose to

stop at this point if only single-scqucncctire: seriessignals were processed.1Iowcvcr, if the in-phaw and

qu:drilturc series were processed,N additional stepcarr further cxaggcratc the prc.senctof the

sittust~id(s), “Illis is hec.me the I:ouricr ‘1’mnsfmmof a complex sinusoid(cisoid) in the form of
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.

y(f) = sin(ax)*iX cos(ax) 3.3

will produce a delta function in either the psitive or negative half of the frequency domain (but not in

both sides). Therefore, an additional step to further enhancea complex sinusoidis taken by forming the

sequence*

rc(k)sxc(k)- x=(-k) 3.10

The resul~ r,(k), can now be compared to a desired thresholdcriteria in order to make an

ultimate decision on signid presence/absence. In tbe case of Doppler signals, rc (k) has the added

advantage of preserving the target direction (inbound or outbound) indication.

. . . .

● Suggcwxl by Scott Robinson, 1.ANIJIT-6,
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W. RESULTS

Qwti@tive mf=~emen~ using syntietic *CI Witi various sinusoid SW were performed and

are documented here for comparison purposes.Tbe specified SNR for the synthesized time series was

o’xained using band limited noise combined with a sine wave at an arbitrary specified frequent y.

Sampled sequencesconsisting of 8192 points were generatedusing a sample rate of 50.1 KHz. The mean

of the generati band-limited noise sequence,N(n), was measured and the appropriate scaling of the

mean sine wave, S(nA was performed suchhat the resulting SNR was

~NR E{ S(n]}

‘&f

4.1

An arbitrary discrete frequency of 300 Hz was chosento represent an embedded sinusoid in a

noise seriesband limited to 20 KHz. Synthesizedtime seriesSNRS from Oto -30 dB were generated in

order to quantitatively compare the enhancedsignal detection results to tbe more traditional FIW-only

tedmique. Table 4.1 presentsthe enhancementimprovement resultsof the comparison for each trial.

SNR
dB 1 2 3 4 5 6 7 8 9 10

0 36.98 39.09 42.58 40,14 41,76 39.75 40.22 42.55 39.98 39.6s

-6 39$8 42.43 39.25 40.02 36,47 39,71 37.3 34,35 39.29 41,75

-lo 37.1 36.92 29.75 34,64 36.06 36,34 35.18 40.86 38.96 34.01
-16 17.31 26.tM 24.29 22.88 21.18 20.68 22.14 21.77 19.97 22,08

-20 11.236 18,825 18,44 16,199 15,22 17.8% 16.943 21,81 17,476 18.912

23 11.463 13.72$ 13,339 17.939 16,877 13.527 17.315 12,689 15,381 7,476

_H 9.434 8.218 6.999 10.241 7.198 7.786 5.886 7.837 9,161 9.574

.25 7.4067 6.397 8.(IU 7.178 9.718 3.923 7.559 6.848 9.923 1.369

-26 4.806 6.195 4.1059 4.623 2.02a 4.549 WA 0,905 8.7407 5.705

.27 6.679 7.114 4.313 1,859 0,414 I ,242 6.088 3.218 3.557 N/A

-28 NIA 6.377 3.627 4.543 NIA 6,538 NIA 3.35 5,131 6.276
-29 NIA lWA 3.598 N/A NIA 1.253 NIA NIA 11,082 N/A

-30 NIA NIA _ NIA N/A NIA NIA NIA NIA NIA 0.2443

“rable 4.1 SinusoidDetectability Improvcrncnt (in dll).
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Averages were computed for the results in Table 4.1. These averages (the diamond markers in

the plot) and theassociatedrange of values are plotted in Figure 4.1.

b

Ejg-tur* 4.1. Siansl Ra~rovunetM

41J
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Clearly, there e~ists a limit to both methodsof detecting the signal. In the case of the above 20

KHz bandwidh 8192-point sequences the SNR limit is about -27 dB for reliable detection using the

enhanced technique.The “bump” in the cwe at -28 and -29 dB is due to the deaeashg number of vahd

detections. Table 4.2 showsthe percentage SUCCESSrate of detection resu~w(using ~n ~dom ~uen@s

per SNR level) for the selectedmethod. Additional signal data could either be usedto create longer

sequences(as opposedto 8192-point sequenws) or coula be usedto perfofm frame-to-frame averaging,

Either approachwould allow detection below the above-stated-27 dB limit. The point of the exercise,

however, is to demonstratethe defeclion improvemwf using the prescnledtechniqueover the FFT-only

met!md for signalsabove the detection limit.

03/05/92”
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.

SNR (dB) % Detect (FiT -only method) % Detect (Enhanced method)

o 100 100

-6 100 100

-lo 100 100

-19 100 100

-20 100 100

-23 100 100

-24 90 100

-25 90 100

-26 90 90

-27 60 90

-2a 30 70

-29 10 30

~30 0 10* A

Table 4.2, Percent Detection Success.

Appendix A provides a representativese[of the processedsynthetic signals used for the above

resultsfor the reader’sinspection.This appendix is organized suchthat it contains an ITT-on] y plot+

followed by the enhancedversion, to fcrm pairs arranged from Oto -30 dB SNR.
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~. CONCLUSION

A simple, effective technique to enhance detection of sinusoidsin noise has been presented. It is

easily implemented with standardDSP analysis packages and on DSP hardware using readily available

“canned” software routines. Although the lower limit of the ~-only approach is about the same for the

presentedtechnique, SNRS above this limit are significantly enhancedand detection reliability is

improved in the region just above the minimum detectable threshold.This technique provides the

practicing DSP engineer or signalsanalyst with a powerful, yet easily crafted tool. A sample M-file for

386-MATLAB* which implements the enhancement technique is provided in Appendix B.

This paper has presentedsome representative synthetic data samples for comparison. The new

method hasbeen successfullyapplied to actual Doppler radar data witn excellent results [4]. Other

successfulapplications of this technique, or comparisonsto detection methods found to be superior, are

v’ ,Somed.

— .—-.. . ... .. ._

● WEMAII ,AH is a fn(duct ()( f?w MM/hW(Jr4,r, /IIr, bii~d in SINJIhNutick, MA.
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Figure A9, ~-only r(k) (.20dB.) ............................................................................................A.9
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Figure A13, ITT-only r(k) (-24 dB case),.,...!,,..,,!!. ,,,............. ,.,, .,,,,.,.,. ,,,.,,.,+,.,,,,,,,,,,., ,,,,,,,, .,,,,,.,,,. ,,A.13
Figure A14. Correlated (Enhanced) I’c(k) (.24 dBm).i ................................................................A.l4
Figure A 1S, FIT-only r(k) (-25 dB case),,,,..,,,,,.,. ,,,,,..!,,,.!, !.,,.,,,.,,,,, .,, ,,,,., .,.., ,,,.,, ,...,.., ,,,,,.,,,,,,,, ,,, ,,,,1?15
Figure A16, (%rrelated(lhhanced) I’c(k) (-25dB cW),., .............4..................................................\..l6
Figure A17. IIT-only r(k) (.26 dB.) .......................................................................................A.l7
f:igure A18, Correlated (Enhanced) I’c(k) (-26dB case) .................................i..............................A.l8
Figure A19, WT-only r(k) (-27 dB awe) .,,,., ,,,,, ,.,,,,,.,,,, ,.,.,,,,,,,, ,,,,,..,,,,, ,,.,, ,,,,.,,,,,,,,,,, ,,, ,,,,,, .,,,,, ,,, ,,,,A, 19
Figure A20, Correlated (l%hanc~~~ rc(k) (-27 dIl case) ,,, ...4,.,,,.4.,,,,, ,,!,,,,, ,,,,,,,,,.,,,, ,,, ,,, ,,,,,, ,,,,,,..,,,,, A.20
Figure A21, I-V~-only l’(k) (.28 dB caae),,,,.,,,,,,,,! .,,,,<,,,,,!,,.,,,,,,,, ,,,,,,.,,,,,,,,.,,, ,.,,.,,.,.,.., ,,.,,...,,,,,. ,,, ,,,,A,21
Figure A22, Correlated (lhhartccd) I’c(k) (-28 dB W) ,,,,.!,,!.,.!0.,,.,,.,!,,,,, ,..,,,,,,,,,,. ,,+,,,,,.,,.., .,,.,,,,,, A.22
Figure A23, FTT-only r(k) (-29 dB me) ,,,,,, $,,.,,,,!,,.,,...,,,,,,,,, ,,.,,,,,,,,,,,,, ,,, ,,, ,,,,,, ,,,!,,,,,, ,,,,,,,.. ,,,,,., .,,,, A.23
IIgure A24, Correlated (Enhanced) I’c(k) (-29 dB case) ,,..,,,,,,.,,, ,,,,,, ,,,,,,,,.,,,,,,,,+,,,,,,, ,,,,,,,,, ,,,,,,., ,,,,,A.24
Figure A2S, 1~’T-only I’(k) (-s0 dB me) ,,,,...,,,,,,0,,.,, ,,.,,,, ,,,,,,..,,,,,,., ,,,,,,,,, .,,,,,, ,,,,,.,, ,,, ,,.,,,,, ,,,,,,,,, ,,,,A.25
Figure A26, Corrcluted (Dnhanced) !“C(k) (-30 dil caae) ,,, ,...........,,,.,,.,,,,, ,,.,..,.,,,,,, ,,, ,,, ,,!,,,,, ,,,,,, .,,,, AM
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Appendix B

SAMPLE M-mE

The following M-file was developed to demoristmtethe enhancement technique and to compare
it to the FIT-only technique. The plot outputsare self-ex~lanatory.

function sig_det(radar-sig,lwr_f, upr_f)
% SIG_DET(RADAR_SIG,LWR_F, UPR_F)
% SIG_DET is a function designeddetect a doppler target
% in a digitized signal stream. IU.DAR_SIG is an 8192x2
% data army. LWR_F is the beginning frcq (Hz) for (a-b) display and
% UPR_F is the upper frcq in Hz.
% This routine forms a complex signal in the form:
% x=x_in_phase + j ● x_quadmture_phasc.
% Nex~ the routine calculates the fust differential and the
% first integral of the sequence.The next step is to calculate
% Cxx’x(int) (f)= [ X * conj(X’) ] ● conj(X_integrated).
% Fhdly, the difference between the positive and negative halves
% of the frequency spectrumare obtained and the resultsplotted.
% above operations,

a= 1:8192;a=a-a;
.-p_lwr=~fix(lwr_r 8192*4/50000);
samp.upr=fix(upr_P8192 *4/XIOOO);
f=l:8192*4;f=-25006 .1035156+ r(50000/(8192*4));
t=l:8192;t=[*( l/50000);
% w=hunning(8192)’;
% W=[w a a a];
% “l’heabove may bc used to window the data if desired, (Jse the

% remarked statementsabout ten Iincs down, if applying the window.

cnm(upr-f-lw-012 +lw-fi
bw=(upr_f.lwr_f)/2;

x_i=ra&r_sig( 1:8192,1 )’,x_i=x_i-mean(x.. i);
mdar_sig(:, l)=radar_slg(:, I )+ncan(mdar_sig(:, 1));
x_q=radar_sig( I :8192,2 )’;x-q=x_q-mcun(x_q);
rwJar_sig(:,2)=rati_sig(:,2)+ncan( radar_sig(:,2));
x..i_mcan=mcan(abs(x_l));

x ..q_mcnn=mcan(abs( x_q));
x_q=x_q*(x_Lmeun/x ..q..rncnn);

1{,1



x_q=[x_q a a al;

x_i=x-i-mean(x-i) ;x_q=x_q-mean(x-q);
% x_i=x-i. *-w;
% x-q=x-q. * w;

% The following 7 lines are the key to the rechnique,

x=x_i+i*x_q;
y=[O cliff(x)];
Z=cumsum(x);
y-y-mean(y);
z=~.m~(z);

Xf=fft(x);yf=fft( y);zf-ffl(z);
xyz=abs((xf.”conj( yf)).oconj(zf));

Clg

xfm=mcan(ahs(xf) );xyz.m=mcan(xyz);
a=abs(fftshift( xfl);ldflshifl(xy z);

a( 16383)=xfm;a( 16384)=xfm;a( 16385)-x r
bt16383)=xyzm;M 163~)=xy~m;M1638~ YZM;
Clg;
suhplol(2 I I ),plol(Madtlr_slg(:, 1));
tide(l’ime Domain I & Q Dam’)
xlahel(’in-l%asc DaIa’);
SUhp101(2 12),@w(l.rwlar-sig( :,2)0(x_l-mean/x-q-mcun));
xlahel(’Quudriimre Data’);

dg
subp10t(21i ),plul(f( lf43844nmp-upr: 16384.sernpJ wr),a( 16MWamp-upr 16384-IampJwr));
Me(’(’umplcx FIIT of 1+ IQ Time D@
grid;
Xlahel(’x(-fl’);
Mrbp101(212),plut(f( 16M14+sampJwr: 16384+sarnp-upr),a( 16M4+sampJwm 16384+samp-upr));

XM’M(’X(O’);
grid;

Clg
Wbplol(2 I I ),phll(f( lhNW4mlp..upr: lf4M4-Wmp. Iwr),w MWUtmp .Upr:MW4urrp.lwr));
Illlc(’( ‘orrclutcd I;rcqucnty Spc4Xra’)
#rid;
Idatwl(’x(-f)’);
Nuhplnt(2I 2),plol(f( 1(1.W44uunp-lwr: lhW+SunfI .upr),h( lf4N14+w4mp_lwr:lMt4+sHmp_ufw));
xlmtwl(’x(f)’);
grid;
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[s_peak,s_p]=max(abs(c(samp_lwr-2:samp_upr-2)));

if c(samp_iwr-2+s_posk0
pk_pol=- 1;

else
pk_pol= 1;

end

n_)e.ak1=max(abs(c(samp-lwr-2 :samp_lwr-2+s_pos- 15)));

n_.wdc2=max(abs(c((samp_lwr-2+s_pos+ 15):samp_upr-2)));

nn=[n_pcak 1 n_peidc2];n_peak=max(nn);

snr_curve=1:(samp_upr-samp-lwr+ 1);
snr_curve=snr_curve./snr_curve*n_peak* pk_pol;
S_pCdQ= I :~ 1;s_peaka=s>aka. /s_peaka*s_peak* pk_pol;
snr-curve(s_pos-15:s_pos+15)=s_peaka;

plot(f( 16384+samp_lwr: 16384+samp-upr),c(samp_lwr.2 :samp_upr.
2),f( 16384+swnp_lwr: 16384+samp-upr),snr_curve);
grid;
titlc(’Non-Corrcl@cd Spectra Shown as abs(X(f))-abs(X( -f~JJ
peak_snr=20*log 10(s_peak/n_peak);
text(,60,,88, [’Signal Peak = ‘,num2sir(s_peak)],’sc’)
tex!(.60,85,[’Noise Peak = ‘,num2str(n_peak) ],’sc’)
tcxt(,60,,82, [’Peak SNR = ‘,num2str(peak_snr),’ dB’],’sc’)

a=abs(xyz(2: 16N4));

b=abs(xyz(32768:- 1:16386));
c-a-b;
Clg;

[s~ak,s~Js]=max(abs(c( samp_lwr-2:samp_upr-2)));

if &ulmp..lwr.2+s_pos)<O
pk_pol=- I ;

Clse
pk..pnl= I ;

end

n pmk l=tt~[lx([lbs(c(~~lllp,.lwr-2:sump_lwr-2+s _pow15)));



Snr.curve= 1:(samp.upr-samp.lw+ 1);
sw_cm~sm_cme+/m.cwc* n~*~l;
SJWkl=1:31 ;s_peal@=s_./s_pcda* s_peak*pk@;
snr_curve(s.pos- 15:s_pos+l 5)=s_pealuL

plot(f(16384+samp_lwr: 16384+samp-upr).c(samp_lwr-2:samp_upr-
2),f( 16384+ samp_lwr: 16384+samp_upr),sm_curve);
grid;
title(’Correlated Spectra Shown as abs(Xc(f ))-abs(Xc(-f))’)

peak_sr-20*logl O(s_peaMn~ak);
text( .60,.88, [’SignaJPeak = ‘,num2str(s_peak)],’sc’)
text(,60,.85,[’Noise Peak = ‘,num2str(n_peak)],’sc’)
text(,60,.82,[’Peak SNR = ‘,num2str(peak-snr),’ dB’1/d)

end
●
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